We consider a scattering of two identical blocks of mass M in one dimension by exchanging momenta through elastic collisions with a ball with mass m = αM . Initially, a ball and a block are at rest with the distance of L and the other block is incident on the ball. For α < 1, the three objects make multiple collisions. The analytic expressions for the final velocities of the three-body problem are derived by making use of the conservation of energy and momentum. The rates for energy and momentum transfer are computed as functions of α. We find all possible values for α at which the initial energy and momentum of the incident block are completely transferred to the scattered block.
I. INTRODUCTION
In a head-on elastic collision of two identical objects, the momenta of the two participants are exchanged in any reference frame.
1 In a fixed-target frame, the target acquires the energy and momentum of the incident object that makes a complete stop. Such a complete energymomentum transfer is hardly observed in many-body collisions. An interesting example is the Newton's cradle which consists of a series of identical pendula that are aligned along a straight line on a horizontal level. However, this can actually be understood as a series of head-on collisions of two identical objects where small gaps between each pair of adjacent pendula are assumed.
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Although this small-gap model explains the observations, this model fails if some of adjacent pendula are in contact with each other so that the process cannot be decomposed collision problems can be found in Refs. [9] [10] [11] [12] [13] In a recent work, we have studied the bouncing of a block against a rigid wall through one-dimensional multiple elastic collisions with a ball sandwiched by them.
14 Like the small-gap model, we assumed that each collision is instantaneous and the complete trajectories of the block and the ball were uniquely determined analytically. By taking the continuum limit of the exact analytic solution of the block trajectory, we have shown that the effective force carried by the ball is proportional to 1/x 3 , where x is the distance between the block and the wall. This is consistent with previous results based on the differential equation that can be derived by taking the continuum limit of the energy-momentum conservation.
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In this paper, we generalize the model system of Ref.
14 to a simple three-body system: We consider the scattering of two identical blocks of mass M through multiple elastic collisions with a ball of mass m = αM sandwiched by the blocks. As shown in Fig. 1 , the ball C and the target block B are initially placed at x = 0 and L, respectively, and the block A is incident to the target with the initial velocity V . While we were interested in the trajectories of the objects and the effective force in Ref.
14 , we focus on the energy-momentum transfer from the incident block A to the scattered block B. If α < 1, then the system experiences multiple collisions that can be understood as a series of two-body collisions and, therefore, the velocities of all participants are uniquely determined. As a result, we find all possible values for the magic mass ratios α = α k at which the energy and momentum of the incident block are completely transferred to the scattered block.
The chain collisions of multiple pendula in series have been studied previously by Hart et al. 2 and by Kerwin.
3 However, the pendula studied in these references are arranged in mass order so that the complete energy-momentum transfer from the incident pendulum to the target pendulum at the other end is achieved only if all of the pendula are of equal mass like the Newton's cradle. Redner considered a similar system consisting of two identical cannonballs approaching an initially stationary ping-pong ball. 17 In that reference, the author mainly focused on deriving a simple relation between that elastic collision and a corresponding billiard system, which helps to obtain the total number of collisions of the system easily. Thus, to our best knowledge, the derivation of all possible magic mass ratios α k at which complete energy-momentum transfer is realized in one-dimensional three-body elastic collisions is new.
This paper is organized as follows. In Sec. II, we describe the model system and provide the definitions of kinematic variables that we use throughout this paper. In Sec. III, we construct recurrence relations for the velocity sequences of participants and solve them to determine the velocity of each object after each collision. We also compute the total number of collisions for each participant and obtain critical values for the mass ratio α at which the number of collisions of each object changes. In Sec. IV, we provide the verification that at the magic mass ratio α = α k the energy and momentum of the incident block are completely transferred to the scattered block. We also show that at the defective mass ratio α = β k , the energy and momentum transfer rates reach their local minima. Finally, we conclude in Sec. V.
II. THE MODEL AND DEFINITIONS
In this section, we describe the model system and define kinematic variables that we use throughout this paper.
As shown in Fig. 1 , the model system consists of two identical blocks A and B with mass M and a ball C with mass m = αM , where α < 1, aligned on the x axis. Initially, C and B are placed at rest at x = 0 and L, respectively. At time t = 0, block A with velocity +V hits the ball on the left. Then A and B exchange momenta through multiple collisions with C. We assume all of the collisions are elastic and ignore friction.
We denote by P n (Q n ) the nth collision point between A (B) and C. The velocities of the three participants are defined as follows: We denote a n (b n ) and c n (c n ) by the velocities of block A (B) and the ball, respectively, right after the collision at P n (Q n ). During the ball's motion from P n to Q n , the velocity of C is fixed as c n . Between Q n and P n+1 , the velocity of C is c n .
It is convenient to define the column-vector sequence V n as
where the scaling factor √ α of the third component of V n is introduced to simplify the following analyses. The initial condition is given by
III. ANALYTIC COMPUTATION
In this section, we find the general terms of the velocity sequences a n , b n , c n , and c n that are defined in Sec. II, by solving the recurrence relations that are constructed from the conservation of energy and momentum. By making use of these analytic solutions, we calculate the total number of collisions of each participant, and obtain the critical values of α at which the number of collisions of the each object changes. At the end of this section, we find the expressions of the terminal velocities of the participants.
A. Recurrence Relation
The collision at P n transforms the velocities a n−1 and c n−1 into a n and c n , respectively.
The collision at Q n transforms the velocities b n−1 and c n into b n and c n , respectively. The conservation of linear momentum and kinetic energy in the collisions at P n and Q n requires a n−1 + αc n−1 = a n + αc n , (3a)
These constraints derive the following recurrence relations:
where the 2 × 2 matrix Γ, which is independent of n, is defined by
According to Eqs. (3b) and (3d), we find that the transformation matrix Γ does not change the norms of vectors. Therefore, the matrix Γ can be parametrized by the product of a rotation matrix λ(θ) and a reflection matrix P:
where λ(θ) and P are defined by
Because det[λ(θ)] = 1 and det
Here, the parameter θ is fixed by the mass ratio α ≡ m/M :
Because we restrict ourselves to the case 0 < α < 1, the range of θ is 0 < θ < θ, that are particularly useful in our analysis.
By making use of Eqs. (4) and (6), we can find the recurrence relation for the threedimensional-Euclidean-vector sequence V n of the form
Then we can determine the general term for V n in terms of the initial value V 0 in Eq. (2) as
Next we find the matrix representation of the matrix Λ in Eqs. (9) and (10). We first verify that the matrix Λ is a 3 × 3 matrix for a pure rotation of the three-dimensional Euclidean vector. We combine the two relations in Eq. (4) to express Λ as a product
where Γ A and Γ B are the matrices that transform the velocities at P n and Q n , respectively:
where θ is defined in Eq. (8) and λ i (θ) is the rotation matrix about the axis i by an angle θ and P 3 is the matrix that reflects the third component. Then the explicit form of the
Because det[λ i (θ)] = 1 and det[
Therefore, Λ is a pure rotation matrix.
B. Computation of Λ n
In this section, we derive the analytic expression for the matrix Λ n that is necessary in computing V n in Eq. (10) . Because Λ is a matrix for a pure rotation in the three-dimensional Euclidean space, there exists a Cartesian coordinate system in which the rotation is about e 3 by an angle ψ, whereê i is the unit vector along the ith axis in the new coordinate system.
In the new coordinate system, Λ R can be expressed as a single rotation aboutê 3 by an angle nψ:
Then the matrix Λ can be expressed as
where R = (ê 1 ,ê 2 ,ê 3 ), which is orthogonal:
By generalizing the method in Ref.
14 for two dimensions into three dimensions, we can determine the transformation matrix R. Becauseê 3 is invariant under rotation Λ, we have
The solution for this constraint equation
Choosing the remaining two bases for the Cartesian coordinate system asê 1 = 1 + 1 2 αẑ ×ê 3 andê 2 =ê 3 ×ê 1 , we determine the triad of the new coordinate system. Here,ẑ is the unit vector along the third axis of the original Cartesian coordinates system in which the matrix representation of Λ is given in Eq. (13) . As a result, we find that
7 where the parameter ψ is defined by
For 0 < α < 1, the range of ψ is 0 < ψ < 2 3 π. For a small α, ψ ≈ 2 √ 2α. In the last three rows of Table I , we list the values for trigonometric functions at ψ, ψ, that are particularly useful in the following analysis.
C. General terms of velocity sequences
Substituting the initial condition V 0 in Eq. (2) and Λ n , that we obtained in Sec. III B, into Eq. (10), we can determine V n . The value of c n can be computed by substituting a n−1 , a n , and c n−1 into Eq. (3a). The general terms for the velocity sequences are obtained as
where V CM is the velocity of the center of mass: )ψ. In this section, we summarize a way to evaluate them in terms of α.
At angles nx
For x = θ or ψ, we can compute the values for cos nx and sin nx as
where the floor function x is the integer n such that n ≤ x < n + 1. Special values for cos x and sin x for θ and ψ are given in Table I in terms of α.
At angles (n +
as cos(n + r)x = cos nx cos rx − sin nx sin rx,
sin(n + r)x = sin nx cos rx + cos nx sin rx,
where the values for cos ψ are given in Table I in terms of α.
E. Total number of collisions
In this section, we compute the total number of collisions N i between the ball and the block i for i = A or B. In the following analysis, it is convenient to introduce the definitions of the ceiling ( x ), floor ( x ), and sawtooth ({x}) functions. For any real number x ∈ R,
x and x are defined by
where Z is the set of integers. The sawtooth function is defined by
where 0 ≤ {x} < 1.
The collision at P n is allowed only if the velocity a n−1 of A is greater than that of the ball, c n−1 . After the collision at P n , the velocities of A and C become a n and c n , respectively. If the ball C experiences another collision with B, then it returns to A with the velocity c n .
If n is the last collision number between A and C, then A's velocity right after P n must be smaller than or equal to that of C right after Q n : a n ≤ c n .
The smallest integer that satisfies this inequality is n = N A . Substituting the values for a n and c n in Eq. (20) into Eq. (26) and making use of Table I , we find that
Thus, N A is the minimum value of n satisfying sin(n + 
where the ceiling function x is defined in Eq. (24a).
In a similar manner, we can find the constraint to N B . The collision at Q n is allowed only if the velocity c n of the ball is greater than that of the block B, b n−1 . After the collision with B at Q n , C makes another collision with A at P n+1 resulting in the velocity c n+1 . Therefore, if n is the largest collision number N B between C and B, then we have
which leads to sin nψ > 0 and sin(n + 1)ψ ≤ 0.
Then the solution for N B is determined as
According to Eqs. (28) and (31),
where the sawtooth function {x} is defined in Eq. (25). If α is small, we can make an approximation of Eq. (19) as ψ ≈ 2 √ 2α. In that case, we have
which is consistent with a previous result given in Eq. (6) of Ref. 17 , where the author counted the number of collisions on both sides of the ball.
F. Critical values for mass ratio
At the largest value of the mass ratio α = 1, ψ = 2 3 π. Therefore, N A = N B = 1/2 = 1 when α = 1. N A increases by unity at critical values as α decreases. We define α k at which
, where ψ k = ψ| α=α k . For an α that is infinitesimally smaller than α k , (π/ψ) − 1 2 = k + 1. Therefore, α k is the minimum value of α to have N A = k.
N B also increases by unity at critical values as α decreases. We define β k at which N B = k that is π/ψ k = k + 1, where ψ k = ψ| α=β k . For an α that is infinitesimally smaller than β k ,
Therefore, β k is the minimum value of α to have N B = k. We call α k and β k the kth critical values for N A and N B , respectively. In summary,
where we set α 0 = ∞ and β 0 = ∞. It is trivial to verify that the critical mass ratios are ordered as · · · < β 2 < α 2 < β 1 < α 1 < ∞.
The analytic solutions for α k and β k can be obtained from Eqs. (28), (31) and (34) as
for k ≥ 1. For a few cases, exact values are obtained as
and
In Table II , we list the ten largest critical values α k and β k each for the mass ratio α. In 
G. Terminal velocities
In this section, we determine the terminal velocities of the three objects after multiple collisions. We denote by a t , b t , and c t the terminal velocities of A, B, and C, respectively.
The terminal velocities a t and b t of the two blocks can be obtained by substituting n = N A and N B in Eqs. (28) and (31) into the general terms a n and b n in Eq. (20), respectively. The value for ψ can be found in Eq. (19). The results are
where we have used cos
. By making use of conservation of linear momentum, we can determine the terminal velocity c t of C as
which is the same as c N B for 0 < {π/ψ} ≤ 1 2 or, otherwise, c N A .
In Fig. 3 , we plot the terminal velocities a t , b t , and c t as functions of α. It is remarkable that at some values of α, a t = c t = 0 and b t = V , i.e., complete transmission of the initial energy and momentum into B is achieved. We call these values the magic mass ratios, at which the initial momentum of A is completely transferred to B. We denote by the defective mass ratios the values of α at which the transmission rate becomes a local minimum. We shall verify in Sec. IV that α k in Eq. (35a) is a magic mass ratio and β k in Eq. (35b) is a defective mass ratio.
IV. ENERGY-MOMENTUM TRANSFER
In this section, we verify that α k 's defined in Eq. (35a) are the values for the magic mass ratio at which complete momentum transfer to the block B is achieved. We also verify that α = β k 's defined in Eq. (35b) are the same as the defective mass ratios at which the energy-momentum transfer rates are local minima.
A. Magic mass ratio
In this section, we verify that α k in Eq. (35a) is a magic mass ratio at which a t = c t = 0
Verification of the largest magic mass ratio α 1 = 1 is trivial. In general, the energymomentum conservation requires that the condition for the magic mass ratio a t = c t = 0 and b t = V can be reduced into a single condition, b t = V . Applying this requirement to Eq. (36b), we find that
Because the contact force on the block B due to the collision with C is always along the positive x axis, the acceleration of B is not negative. Therefore, b t in Eq. (36b) is not decreasing. This condition requires (N B + 1 2 )ψ = π, which leads to
If we substitute the value for ψ into Eq. Table II . This completes the proof of the statement that for any magic mass ratio there is an α that is equal to α k .
B. Defective mass ratio
In this section, we verify that β k 's defined in Eq. (35b) are the values for the defective mass ratio at which both b t and ρ B reach the local minima with respect to α. Here, ρ B is the fraction of the final state energy of B relative to the total energy of the system. Likewise, ρ A and ρ C are those of A and C, respectively.
As shown in Fig. 3 , the terminal velocity b t has local minima. At each local minimum, b t = c t since at such condition, the ball takes the local maximum terminal kinetic energy.
Next, we verify the statement that b t = c t at α = β k for any k ≥ 1. If we require c t = b t to conservation of energy and momentum, then we find that
(1 + α)b
The coupled quadratic equations have a trivial solution b t = 0 and a t = V that is equivalent to the initial condition. Because the three objects do not make any penetrations, we discard this trivial solution. Then we have a unique set of solutions:
By comparing Eq. (36b) and Eq. (41b), we find that
From the similar argument below Eq. (38), Eq. (42) gives
that is,
which is equivalent to Eq. Table II . This completes the proof of the statement that for any defective mass ratio there is an α that is equal to β k .
Let us compute the rates for the momentum and energy transmission to B at a defective point α = β k analytically. The rate γ k for momentum transfer to B at α = β k is
where ten largest numerical values for γ k is listed in the last column of Table II . The fractions of the final state energies relative to the initial kinetic energy at
and C become
In Fig. 4 , we show the energy fraction ρ i = E i /E 0 of the final state i for i = A, B, and C as a function of α. Here, E i and E 0 are the final kinetic energy of i and the initial kinetic energy of the incident block A, respectively. If α equals to a magic mass ratio α k , then ρ B = 1 and ρ A = ρ C = 0 and, therefore, the initial kinetic energy of A is completely transferred to B. If α equals to a defective mass ratio β k , then ρ B = γ 2 k . In the limit α → 0 + , the final kinetic energy of A and C become vanishingly small and the corresponding transmission rates approach 1. Note that the energy loss is mainly due to the non-zero final kinetic energy of C. At a defective mass ratio β k , the terminal energy fraction of the ball ρ C is larger than that of the block A, ρ A , by a factor of 4/β k which is much larger than 1.
V. CONCLUSION
We have considered the one-dimensional scattering of two identical blocks of mass M by exchanging momenta through elastic collisions with a ball with mass m = αM . Because the ball and the target block are initially not in contact with each other, the system experiences multiple two-body collisions that are well ordered and, therefore, the motion of the system is uniquely determined by the energy-momentum conservation. We have demonstrated that the velocities of the three objects in each cycle of multiple collisions construct a sequence of three-dimensional vector transforming like an Euclidean vector under the rotation about a fixed axis by a fixed angle that are completely determined by the mass ratio α. Recursive use of the relation derives analytic expressions for the velocities of the three objects after each collision. Based on these results, we have computed the terminal velocity and the total number of collisions of each participant in terms of α. It is remarkable that we have found all possible values for the magic mass ratio α = α k , at which the energy and momentum of the incident block are completely transferred to the target block.
Finally, it is worth mentioning that by making use of these magic mass ratios, we can devise a system which is a generalized version of the Newton's cradle. As shown in Fig. 5 we can put N identical blocks of mass M in series along an axis and place a ball in each spacing. And let the left most block incident to the remainder of the system at rest. If each ball's mass ratio to the block mass M is one of α k and every spacing is wide enough, then the energy and momentum of the incident block are completely transferred to the target blocks one by one. There will be many other useful applications of the magic mass ratio. 
